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L-series and Feynman Integrals
David Broadhurst and David P. Roberts

Abstract Integrals from Feynman diagrams with massive particles soon outgrow
polylogarithms. We consider the simplest situation in which this occurs, namely
for diagrams with two vertices in two space-time dimensions, with scalar particles of unit mass. These comprise vacuum diagrams, on-shell sunrise diagrams
and diagrams obtained from the latter by cutting internal lines. In all these cases,
the Feynman ∫integral is a moment of n = a + b Bessel functions, of the form
M(a, b, c) := 0∞ I0a (t)K0b (t)t c dt. The corresponding L-series are built from Kloosterman sums over finite fields. Prior to the Creswick conference, the first author obtained empirical relations between special values of L-series and Feynman integrals
with up to n = 8 Bessel functions. At the conference, the second author indicated
how to extend these. Working together we obtained empirical relations involving
Feynman integrals with up to 24 Bessel functions, from sunrise diagrams with up to
22 loops. We have related results for moments that lie beyond quantum field theory.

1 Physical and mathematical context
The context for our work is given in [1]. At the conference, the first author reported
on the magnificent progress made by Stefano Laporta, whose solitary decade-long
effort on the magnetic moment of the electron has come to fruition [4]. This involves, inter alia, moments of 6 Bessel functions, one of which
∫ ∞

M(1, 5, 1) :=
0

I0 (t)K05 (t)tdt =

π 2 L6 (2)
2
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is empirically related in [1] to the central value of the L-series of modular weight 4
and conductor 6, with Fourier series q ∏k>0 (1−qk )2 (1−q2k )2 (1−q3k )2 (1−q6k )2 =
∑k>0 A6 (k)qk . This modular form also delivers the Bessel moments
∫ ∞

3L6 (3)
2
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∫ ∞
3L6 (2)
3
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M(3, 3, 1) :=
I0 (t)K0 (t)tdt =
.
2
0
M(2, 4, 1) :=

I02 (t)K04 (t)tdt =

(2)
(3)

For n = 8 Bessel functions, the L-series of a modular form of weight 6 and conductor
6 likewise gives evaluations of M(1, 7, 1), M(2, 6, 1), M(3, 5, 1) and M(4, 4, 1). The
challenge presented at the conference was to find comparable relations between Lseries and moments of n > 8 Bessel functions.

2 Progress at Creswick
This challenge was met by considering determinants of Feynman integrals, by allowing for adjustment of the local Kloosterman data, at primes that divide the conductor, and by empirical determination of the conductor, sign and gamma factors
that enter the functional equation for the L-series. The good factors are classical and
much useful information towards conductors was available in [5]. The formalism
of [2] pointed us to the correct determinants. Using the methods in [3] for numerical computation of L-series, we were able to progress beyond the modular forms
studied in [1].
We were successful for odd Bessel numbers up to n = 17 and even Bessel numbers up to n = 20. Let Ωa,b be the determinant of the r × r matrix with M(a, b, 1) at
top left, size r = ⌈(a + b)/4 − 1⌉, powers of t 2 increasing to the right and powers of
I02 (t) increasing downwards. Then
215 × 29 Ω2,15
35 × 52 × 7π 12
212 × 11 × 131 Ω1,19
L20 (10) =
311 × 56 × 73 π 20
19
2 × 17 × 19 × 23 Ω2,18
L20 (11) =
313 × 57 × 73 π 12
L17 (8) =

are among findings made and presented at the conference.

3 Subsequent progress
From data on Kloosterman sums in finite fields Fq with q < 200000, we found

(4)
(5)
(6)
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214 × 1093 × 13171 Ω2,17
34 × 54 × 7 × 11π 20
29
2 × 12558877 Ω1,23
L24 (12) = 19
3 × 59 × 73 × 11π 30
227 × 17 × 192 × 232 × 46681 Ω2,22
L24 (13) =
.
323 × 512 × 74 × 112 π 20
L19 (8) =

3

(7)
(8)
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In parallel with the above results for odd moments, we obtained relations between
even moments of Bessel functions and L-series determined by a quadratic twist of
Kloosterman data. We have conjecturally complete sets of quadratic relations for
both types of moment, encoded by Betti and de Rham matrices, for which we provide explicit constructions. In some cases where the sign of the functional equation
is odd, we are able to define regulated moments that deliver central derivatives.
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